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ABSTRACT 


The  mean  and  variance  of  a  chi-square  random  variable  are  generally  given 
for  the  case  in  which  the  chi-square  random  variable  is  derived  from  a  process  hav¬ 
ing  a  zero  mean  and  unit  variance.  In  this  report,  the  mean  and  variance  of  the  ran¬ 
dom  variable  found  by  squaring  and  summing  /V  samples  of  an  independent  Gaussian 
process  with  a  non-zero  mean  and  arbitrary  variance  is  derived. 
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Statistics  of  a  chi-square  random  variable  obtained 
from  independent  Gaussian  samples  with  a  non-zero 
mean  and  arbitrary  variance 


1 .  Intro  due  tio  n 

In  this  report,  general  expressions  are  derived  for  the  mean  and  variance 
of  a  random  variable  that  is  found  by  squaring  and  summing  Ar  independent  sam¬ 
ples  of  a  Gaussian  process  i,,  which  has  a  non-zero  mean  and  an  arbitrary  variance 


,v 


1=1 


A  common  structure  which  generates  such  a  random  variable  is  an  energy 
detector  (Figure  1).  Each  output  sample  is  obtained  by  squaring  and  summing  A’ 
input  samples.  This  is  the  optimal  detector  for  an  unknown  signal  buried  in  white 
Gaussian  noise,  and  is  often  used  as  a  post-processor  for  other  routines  (for  exam¬ 
ple.  the  output  of  a  beamformer  may  be  run  through  an  energy  detector  to  deter 
mine  if  a  signal  is  present). 


x(n) 


y(n) 


Figure  1.  Energy  detector. 

Finds  the  energy  in  N  samples  of  x(n).  Eac.  ■•uerv.  sample  is  produced 
by  squaring  and  summing  N  input  samples. 


Chi-square  random  variables 

he;  be  normally  distributed,  independent  random  variable: 

with  zero  mean  and  a  variance  of  one,  and  define  anew  r~~do:.  variable 


X.v  = 
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The  variable  in  (1)  is  called  a  chi-square  random  variable  with  A'  degrees  of  free¬ 
dom  The  density  function  of  \^-  approaches  that  of  a  normally  distributed  ran¬ 
dom  variable  for  large  .V  (.V  >30).  and  is  noil-symmetric  for  smaller  .V.  The  mean 
and  variance  of  the  chi-square  random  variable  in  (l)is  given  by  [l.page  105  . 
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Details  about  the  density  and  distribution  functions  may  be  found  in  1,  Section 
4.2.2  .  Random  variables  with  a  non-zero  mean  that  are  squared  and  summed  have 
a  non-central  chi-square  distribution  3.4  . 

A  time  series  i  can  always  be  transformed  to  have  a  mean  of  zero  and 
variance  equal  to  one  by  defining  the  standardized  variable  c,  to  be 


In  some  cases,  it  is  desirable  to  find  the  statistics  of  the  random  variable  formed 
by  squaring  and  summing  A'  values  of  a-,  which  does  not  necessarily  have  a  zero 
mean  or  variance  equal  to  one.  In  the  next  section,  general  expressions  for  the 
mean  and  variance  of  a  random  variable  that  is  obtained  from  squaring  and  sum¬ 
ming  independent  Gaussian  samples  with  a  non-zero  mean  ft  and  arbitrary  vari¬ 
ance  cr  are  d  e  rive  d  . 


2.  Derivation 

Given  the  standardized  random  variable  in  (4),  a  chi-square  random  vari¬ 
able  with  A  degrees  of  freedom  is  obtained  by  squaring  the  c ,  and  summing  over 

A  s  am  pies. 
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Lsmg  Lxj  nations  ( A 1  )  -  (A4)  fron.  the  Appendix  in  the  above  equation  results  in 
2  -Xff*  =  E  {(  5>f)  }  -  4/<(  2  A><r2  4  4  A*//3)  +  2  A"  //'-’( <r  +  //-' ) 

-  2  A V2f<T-+/r  )  -  4  A"//4  +  4  A'-y  ct2  -  2  A^/V"  4  A'V 

-t-  A'Ar1  4.  1  ff  (  A'^2  4  A-2//2  ) 

=  E  {(  Vj )  }  -  8  Xfi-ff-  ~  4  A "fra-  -  4  A"/;4  4  2  A  "fra-  4  2  A'-//4 
1=1 

-  2.W  -  2  A'-yV  -  4  A';//4  4  4  A'V'V*  +  A'V  -  2  A'*//V  4  A'-<r4 
4  1  .X/rcr-  4  4  A-2//4 


2  \crA  +  -1  \ /rer- 


(10) 


3  .  Summary 


If  i  is  a  Gauss  ian  random  process  and  lias  mean  //  and  variance  cr- .  then 


g"  }  =-  +  r ) 

t=l 


i=l 


2  AV4  +  4  A’/rtr2 


Note  tli at  when  //  =  ()  and  <r  =  \  the. so  equations  reduce  to  (2)  and  (3) 


Appendix:  Expected  values  of  various  summations 


£  =  V/' 


E  { Xi-r.  }  =  -V(  r"  +  /r 


This  is  Equation  (7)  and  was  derived  in  the  main  text. 


E  {( .  )  }  =  -V(T'  +  -V'V*' 


De  riV  a  tio  n 


Let  ix  Lie  normally  distributed  random  variables  and  define  /  =  V]/,.  tlien 

1=1 

i  is  a  normal  random  variable  with  mean  X/j  and  variance  A V”.  The  variance  of  r 
may  be  written  as 

rnr  [j-  ;  =  -  (  E{i  }) 


so  that 


r-{ i!}  -  /  {•  >:-  •'  !• 


*  .«r(>)  +  (E)qf' 


AV2  -t-  A-2//2 


1  A  {  5]j;}  =  2  A' /iff2  +  A'2  /i  n2  +  A72; 
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Wlu  ii  j  —  j  tli is  becomes  tlie  single  sum  £]/?{*?}  .  From  [2,  page  162], 

i'-j 

£{*?}  =  3  liar-  +  p3 


I] /-'{/, "  }  =  Ar ( 3 lift"  +  p3) 
1=1 
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since  the  processes  are  independent.  Using  E{xi}  =  p,  and 
=  t'orjxj  +  /r  =  <t‘-  -t-  p2 

results  in 

N  N  N  N  . 

E££W}®('.-}  -  SIX*’  +  *’) 

»«*1  ;-l  i«l  ; “1 

so  there  are  N(N—  l)of 

« *  y 


These  are  summed  over  all  i  and  j  except  for  the  case  t  = 
the  rn ,  giving 

}  =  N(N  —  1 )  /« (ff2  +  P2) 

■  -I  1 


Adding  the  cases  for  «  =  /  and  i  ^  j  together  gives 


f  N  n  . 

£{Se2>/} 
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A? ( 3 p<72  +  p3)  +  AT(N  -  l)p(<72  +  p2) 
2Ni«t~  +  A^po2  +  A?2  p3 


MMMMiiMiiiitti 


References 


'1 ;  Bendat,  J.S.,  Piersol,  A.G.,  Random  Data:  Analysis  and  Measurement  Procedures 
Wi  1  c y ,  Nc w  York  (1971). 

[  2  ]  Papoulis ,  A.,  Pro  6  ability,  Random  Va  ria  bles,  and  St  o  eh  as  tic  Processes, 

McGraw-Hill,  New  York  (1995). 

j 3 i  Patnaik ,  P.B.,  "The  non-central  x"  and  F-distributions  and 

their  applications",  Biometrika  36,202-232  (1949). 

[4)  Whalen ,  A.D.,  Detection  of  Signals  in  Noise, 

Academic  Press,  New  York  (1971). 


Acknowledgements 

This  work  was  supported  by  the  Office  of  Naval  Research  under  Contract 


N000  1  4-80-C-0220. 


